We demonstrate large normal-mode splitting between a magnetostatic mode (the Kittel mode) in a ferromagnetic sphere of yttrium iron garnet and a microwave cavity mode. Strong coupling is achieved in the quantum regime where the average number of thermally or externally excited magnons and photons is less than one. We also confirm that the coupling strength is proportional to the square root of the number of spins. A nonmonotonic temperature dependence of the Kittelmode linewidth is observed below 1 K and is attributed to the dissipation due to the coupling with a bath of two-level systems.
We demonstrate large normal-mode splitting between a magnetostatic mode (the Kittel mode) in a ferromagnetic sphere of yttrium iron garnet and a microwave cavity mode. Strong coupling is achieved in the quantum regime where the average number of thermally or externally excited magnons and photons is less than one. We also confirm that the coupling strength is proportional to the square root of the number of spins. A nonmonotonic temperature dependence of the Kittelmode linewidth is observed below 1 K and is attributed to the dissipation due to the coupling with a bath of two-level systems. Coherent coupling between spin ensembles and superconducting quantum circuits is now widely studied for implementations of quantum memories and transducers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . While the interaction of a single spin to the electromagnetic field mode is extremely weak, collective enhancement, which scales with the square root of the total number of spins, makes the effective coupling strong enough as an ensemble [1] . Recent works on ensemble of nitrogen-vacancy centers in diamond have demonstrated coherent interaction between spin excitations and superconducting resonators [2, 3] and qubits [4] [5] [6] . Spin ensembles in other materials, such as rare-earth doped oxides, have also been investigated [7] [8] [9] [10] . Multimode quantum memories utilizing a number of degenerate spatial modes are targeted in those paramagnetic spins [11] [12] [13] , while the same property causes vulnerability to spatial-mode mismatch with the coupling field. Moreover, the trade-off in the spin density remains a challenge for these systems: higher spin density allows stronger coupling with the electromagnetic field, while spin-spin interactions among the ensemble shorten the coherence time drastically with increasing spin density.
In this context, ferromagnets represent a radically different limit. They typically have much higher density of spins which are strongly interacting and correlated. Due to the strong exchange interaction in between, spins are perfectly ordered in the ground state, and the lowlying excitations are collective waves of small-angle spin precession. In a sample with finite dimensions, dipolar interaction dominates the long-wavelength limit, and the boundary condition at the surface defines rigid discrete modes called magnetostatic modes. For spheroids, Walker analytically derived the energies and the spatial distributions of the modes [14, 15] . In particular, the spatially uniform mode is called Kittel mode, which entails a huge magnetic dipole moment. Coherent excitation of the magnetostatic modes with electromagnetic field has been intensively studied in ferromagnetic resonance (FMR). However, the quantum limit to the level of single-magnon excitation has not been investigated. The goal in this Letter is to reveal the properties in the unexplored limit and demonstrate the potential of the hybrid system for applications in quantum information science. Quantum engineering of a large number of spins in a rigidly extended collective mode is analogous with optoelectromechanics using mechanical eigenmodes in nanostructures, now widely studied as one of the promising hybrid quantum technologies [16] .
The ferromagnetic material we focus on is yttrium iron garnet (YIG). YIG is a representative ferri -magnetic insulator with the Curie temperature of about 550 K, and is commonly used for microwave components such as oscillators and band-pass filters. YIG in the ordered phase has a net spin density of 2.1 × 10 22 µ B cm −3 (µ B ; Bohr magneton), orders of magnitude higher than 10 16 -10 18 µ B cm −3 in paramagnetic spin ensembles used in quantum memory experiments. Being a highly insulating material, it is free from dissipation due to conduction electrons, which results in a narrow-linewidth in FMR. The long lifetime of collective spin excitations in YIG has also attracted a lot of interests in the emerging field of spintronics [17, 18] . It is of great interest to extend the scope of the magnon engineering to the quantum regime.
In this work, we demonstrate strong coupling of the Kittel mode in an undoped single-crystal YIG sphere to a microwave mode in a three-dimensional rectangular cavity. We have chosen spherical samples to avoid effects of inhomogeneous demagnetization field. Our result is to be compared with the prior work using a rectangular crystal placed on a superconducting coplanar waveguide (CPW) resonator [19] : (i) There existed inhomogeneities in the static field due to the demagnetization field and in the microwave field around the narrow CPW resonator, which could couple many other magnetostatic modes to the resonator mode. (ii) The broad magnon linewidth due to the Ga-doped YIG crystal prevented them from
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resolving the spectral lines at the anticrossing. (iii) The limited filtering in the microwave measurement setup allowed thermal excitations of magnons and photons in the sample. The present work resolves all these issues as discussed below. Nearly uniform microwave field in the large cavity volume, combined with the selection of a spherical sample, suppresses the coupling to other magnetostatic modes because of their symmetry. Meanwhile, the high spin density of YIG and the large volume of the sphere lead to enormous magnetic-dipole coupling strength between the Kittel mode and the cavity mode, namely, two harmonic oscillators. Normal-mode splitting with the cavity mode is clearly observed even in the quantum regime where both the average numbers of thermally excited magnons and photons are nearly zero and that of the probe microwave photons in the cavity is less than one.
Our experimental setup is shown in Fig. 1 . The cavity made of oxygen free copper has the fundamental-mode (TE 101 ) frequency ω c /2π of 10.565 GHz, and its internal cavity loss κ int /2π is about 1.0 MHz at low temperature. This cavity has two connector ports for the transmission spectroscopy; an asymmetric port configuration is used where input and output ports have different coupling strengths κ 1 /2π and κ 2 /2π of 0.13 and 1.5 MHz, respectively. A YIG sphere made by Ferrisphere Inc. [20] is mounted in the cavity at the magnetic antinode of the fundamental mode. We apply a static magnetic field of approximately 370 mT along the crystal axis 100 which is the hard magnetization axis for YIG. The sample is supposed to be uniformly magnetized and saturated.
We first measure the transmission spectrum of the cavity loaded by a YIG sphere with a diameter of 0.5 mm. Figure 2 (a) shows the transmission coefficient Re(S 21 ) as a function of the frequency and the magnetic field tuned by the bias current I in the coil. A pronounced normalmode splitting is observed, indicating strong coupling between a collective excitation mode in the YIG sphere and the cavity mode. We assign the mode in the sphere to the Kittel mode; it gives the maximum coupling strength to the nearly uniform cavity field and the frequency which is linearly dependent on the static field. Although it is difficult to recognize in Fig. 2(a) , we also see a few hints of other tiny anticrossings, for example, at I = −1.6, 2.3, and 3.3 mA. These are due to weak coupling of the cavity mode with other magnetostatic modes in the YIG sphere, induced by the small inhomogeneity of the magnetic fields. Several cross-sections of the 2D color plot are depicted in Fig. 2(b) . As a function of the magnetic field, the Kittel mode approaches the cavity mode. At the degeneracy point (I ≡ 0 mA) where the Kittel-mode frequency coincides with the cavity frequency, we see the normal-mode splitting of nearly 100 MHz, orders of magnitude wider than the linewidths. At this point, the Kittel and cavity modes form 'magnon-polariton' modes, i.e., hybridized modes between the collective spin excitation The YIG sphere, cavity and magnet are cooled to 10 mK using a dilution refrigerator. A series of attenuators and isolators prevent thermal noise from reaching the sample space. The total attenuation of the input port is 48 dB at 10 GHz. The output signal is amplified by two lownoise amplifiers at 4 K and the room temperature. We use a vector network analyzer (VNA) for transmission and reflection spectroscopy. A static magnetic field perpendicular to the microwave magnetic field and parallel to the crystal axis 100 is applied by using permanent neodymium magnets and a magnetic yoke made of pure iron. We use a superconducting coil for fine tuning of the static field.
and the cavity excitation. We now evaluate the coupling strength and the cavity and magnon linewidths by fitting the transmission coefficient S 21 (ω) with an equation derived from the inputoutput theory. The transmission coefficient of the hybrid system is written as
where g m is the coupling strength of the Kittel mode to the cavity, and ω FMR and γ m are the frequency and the linewidth of the Kittel mode, respectively. The input and output port couplings of the cavity are determined separately by measuring additionally the reflection of the cavity output. As depicted by the dashed white lines in Fig. 2(b) , the spectra are well fitted with Eq. (1). The coupling strength of the Kittel mode to the cavity g m /2π, the total cavity linewidth κ/2π = (κ 1 + κ 2 + κ int )/2π, and the Kittel-mode linewidth γ m /2π are determined as 47 MHz, 2.7 MHz, and 1.1 MHz, respectively. From the parameters, the hybrid system turns out to be deep in the strong coupling regime where g m γ m , κ, even at the lowest temperature and with the weakest probe power. A dimensionless measure which indicates how well the spins couple to the cavity mode is the cooperativity defined as C = 4g 2 m /κγ m . The obtained cooperativity is C = 3.0 × 10 3 , which is extremely large compared to the numbers achieved with paramagnetic spin ensembles.
We also check dependence of the coupling strength on the sphere diameter. Provided that all the net spins in the ferrimagnetic YIG sphere are precessing in phase, the coupling strength g m of the Kittel mode to the cavity mode is expected to be proportional to the square root of the number of the net spins N , i.e., g m = g 0 √ N where g 0 is the coupling strength of a single Bohr magneton to the cavity. The single-spin coupling strength is calculated to be g 0 /2π = γ e µ 0 ω c /V c /2π = 38 mHz for TE 101 mode, where γ e is the electron gyromagnetic ratio of 2π×28.0 GHz/T, µ 0 is the permeability of vacuum, and V c is the volume of the cavity. The enhancement by the factor of √ N is due to a magnon excitation in the Kittel mode, i.e., constructive interference of all possible processes in which a cavity photon flips one of the spins in the sphere. The factor √ N naturally appears as the Clebsch-Gordan coefficient when the raising operator of the total spin is applied to a fully polarized N -spin system [21] . The red dots in Fig. 3 show the obtained coupling strength as a function of the sphere diameter. It clearly demonstrates that the coupling strength is proportional to the square root of the number of spins. We evaluate the single-spin coupling strength g 0 /2π to be 39 mHz from the fitting. The good agreement with theory indicates that the design of our hybrid system is reliable and robust.
We further observe a peculiar temperature dependence of the Kittel-mode linewidth below 1 K; little has been known about the dependence in this temperature range [22] . The red dots in Fig. 4 show the Kittel-mode linewidth as a function of the tempera-ture. As seen also in Refs. 23 and 24, in the temperature range from 10 K to 1 K, the linewidth monotonically decreases. The dominant mechanisms of the relaxation here are known to be the so-called slow-relaxation due to impurity ions [25] and magnon-phonon scattering [26] . The observed linewidth below 1 K, however, increases as temperature decreases. Such behavior has been predicted to be a signature of the transverse relaxation due to two-level systems (TLSs) [27] , but has never been observed in FMR. Note that an analogous behavior has been seen, for example, in superconducting coplanar waveguide resonators [28] . The mechanism is explained as follows: The magnon excitation in the Kittel mode decays into an ensemble of near-resonant TLSs. As the relaxation rate to the TLSs is proportional to their polarization, the linewidth of the Kittel mode is expected to be γ TLS (T ) = γ TLS (0) tanh( ω FMR /2k B T ), where γ TLS (0) is a constant giving the low-temperature value depending on the spectral properties of the bath of TLSs and k B is the Boltzmann factor. In the analysis of the data, we also take into account a temperatureindependent contribution, γ mm , of the elastic intermode magnon-to-magnon scattering at surface [26] . The fitting curve γ m (T ) = γ TLS (T ) + γ mm shown as the dashed line in Fig. 4 well fits to the experimental data below 1 K. The fractions of the Kittel-mode linewidth ascribed to the TLSs and the surface scattering γ TLS (0)/2π and γ mm /2π are estimated to be 0.63 MHz and 0.39 MHz, respectively. The latter linewidth arisen from the surface scattering is consistent with that in Ref. 23 at 4.2 K. The line-broadening due to TLSs can be observed only when the system is in the quantum regime, where the Kittel mode as well as the TLSs is cooled down toward the ground states. Note that these contributions to the linewidth are not likely intrinsic ones. A loss measurement with the parallel pumping method implied much narrower linewidth of about 45 kHz at 4.2 K [24] . Improvement of the sample quality, e.g., in surface roughness and densities of impurities and defects, would be beneficial for future development toward coherent control of magnon excitations.
To conclude, we achieved strong coupling of a ferromagnetic magnon mode and a microwave cavity mode in the quantum regime where the number of average excitations in the hybrid system is less than one. The obtained coupling strength and the linewidths of the Kittel and the cavity modes are 47 MHz, 1.1 MHz, and 2.7 MHz, respectively, deeply in the strong coupling regime with the cooperativity of 3.0×10
3 . We also confirmed the linear scaling of the coupling strength with the sample volume in accordance with the theory. Furthermore, the linewidth of the Kittel mode showed a peculiar temperature dependence at the lowest temperature, which is attributed to the decay of the magnon excitations to a bath of TLSs.
A large spin density in ferromagnets easily couples the collective excitation to a cavity field even for a relatively large mode volume. This opens a path toward new hybrid systems between the magnetostatic modes in ferromagnets and superconducting quantum circuits. By mediating the interaction between the magnon modes and wellcontrolled superconducting qubits via a microwave cavity mode, generation and characterization of non-classical magnon states, such as Fock states and squeezed states, would be possible. Note added.-Recently, a paper by Zhang et al. appeared [29] . With a similar setup, but at room temperature, they demonstrated phenomena such as magnetically induced transparency, the Purcell effect, etc. It would be of great interest to bring these intriguing physics to the quantum regime as well.
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